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a b s t r a c t
A proper k-vertex coloring of a graph is an equitable k-coloring if the sizes of the color
classes differ by at most 1. A graph G is equitably k-choosable if, for any k-uniform list
assignment L, G is L-colorable and each color appears on atmost ⌈ |V (G)|k ⌉ vertices.We prove
in this paper that outerplane graphs are equitably k-choosable whenever k ≥ ∆, where∆
is the maximum degree. Moreover, we discuss equitable colorings of some d-degenerate
graphs.
© 2010 Published by Elsevier B.V.
1. Introduction
All graphs considered here are finite, undirected and simple. For a graph G, we use V (G), |V (G)|, E(G), |E(G)|, F(G),∆(G)
(∆ for short) and δ(G) to denote respectively the vertex set, order, edge set, size, face set, maximum degree and minimum
degree. For v ∈ V (G), let dG(v) (d(v) for short) denote the degree of v in G. A vertex of degree k is called a k-vertex. Let
Vk(G) denote the set of all k vertices in G. We use NG(v) (N(G) for short) to denote the set of vertices of G adjacent to v in G.
For any U ⊂ V (G) andW ⊂ V (G), we use e(U,W ) to denote the number of edges joining vertices of U to vertices ofW . In
particular, we use e(u,W ) to denote e({u},W ). For a plane graph G, we use F(G) to denote its face set. For f ∈ F(G), we use
f = [u1u2u3] to denote a 3-face, where u1, u2, u3 are the boundary vertices of f . By an (a,b,c)-face in a graph G we mean a
3-face whose vertices have degree a, b and c in G. A graph G is called d-degenerate if every induced subgraph H of G has a
vertex of degree at most d.
Equitable colorings naturally arise in some scheduling, partitioning and load balancing problems. A graph G is equitably
k-colorable if G has a proper k-vertex coloring such that the sizes of any two color classes differ by at most 1. The smallest
integer k for which G is equitably k-colorable is called the equitable chromatic number of G. In contrast with ordinary
coloring, a graph may have an equitable k-coloring but have no equitable (k + 1)-coloring. For example, the complete
bipartite graph K2n+1,2n+1 for n ≥ 1 has an equitable 2-coloring but has no equitable (2n+ 1)-coloring.
In 1970, Hajnál and Szemerédi [1] proved that every graph G has an equitable k-coloring whenever k ≥ ∆(G) + 1. In
1973, Meyer [2] proved that any tree T has an equitable (1+ ⌈∆(T )2 ⌉)-coloring and made the following conjecture:
The equitable coloring conjecture (ECC). The equitable chromatic number of a connected graph G, which is neither a complete
graph nor odd cycle, is at most∆(G).
In 1994, Chen et al. [3] put forth the following conjecture:
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The Equitable∆-Coloring Conjecture. A connected graph G is equitably ∆(G)-colorable if it is different from Km, C2m+1 and
K2m+1,2m+1 for m ≥ 1.
This conjecture has been confirmed for graphs G satisfying ∆(G) ≤ 3 or ∆(G) ≥ 12 |V (G)| [3], trees [4], bipartite graphs
[5], outerplanar graphs [6], planar graphs with maximum degree∆ ≥ 13 [7], line graphs [8] and d-degenerate graphs with
maximum degree∆ ≥ 14d+ 1 [9].
In 2003, Kostochka et al. [10] introduced the list analogue of equitable coloring. A list assignment L for a graph G assigns
to each vertex v ∈ V (G) a set L(v) of acceptable colors. A L-coloring of G is a proper vertex coloring such that for every
v ∈ V (G) the color on v belongs to L(v). A list assignment L for G is k-uniform if |L(v)| = k for all v ∈ V (G).
Given a k-uniform list assignment L for a graphG, we say thatG is equitably L-colorable ifG has a L-coloring such that each
color appears on at most ⌈ |V (G)|k ⌉ vertices. A graph G is equitably list k-colorable or equitably k-choosable if G is equitably
L-colorable whenever L is a k-uniform list assignment for G. In [10], Kostochka et al. also conjectured an analogue of the
Hajnál and Szemerédi Theorem [1]:
Conjecture 1. Every graph G is equitably k-choosable whenever k ≥ ∆(G)+ 1.
It has been proved that Conjecture 1 holds for graphs with maximum degree∆ ≤ 3 independently in [11] and [12].
Conjecture 2. If G is a connected graph with maximum degree ∆ ≥ 3, then G is equitably ∆-choosable unless G is a complete
graph or is K2m+1,2m+1 for m ≥ 1.
Kostochka et al. [10] proved that a graph G is equitably k-choosable if either G ≠ Kk+1, Kk,k (with k odd in the later case)
and k ≥ max{∆(G), |V (G)|2 }, or G is a forest and k ≥ 1 + ∆(G)2 , or G is a connected interval graph and k ≥ ∆(G), or G is
a 2-degenerate graph and k ≥ max{∆(G), 5}. Pelsmajer [11] proved that every graph G is equitably k-choosable for any
k ≥ ∆(G)(∆(G)−1)2 + 2.
It follows easily from Theorem 4 of [10] that Conjecture 1 holds for 2-degenerate graphs since Conjecture 1 has been
verified for graphs of maximum degree at most 3 [11]. In this paper we prove that Conjecture 2 holds for outerplane graphs.
Moreover, we prove that the Equitable∆-Coloring Conjecture holds for some d-degenerate graphs.
2. Outerplane graphs
Lemma 1 ([10]). Let G be a graphwith a k-uniform list assignment L. Let S = {x1, x2, . . . , xk}, where {x1, x2, . . . , xk} are distinct
vertices in G. If G− S has an equitable L-coloring and |NG(xi)− S| ≤ k− i for 1 ≤ i ≤ k, then G has an equitable L-coloring.
Lemma 2 ([13]). Every outerplane graph G contains one of the following four configurations:
(1) a vertex of degree 0 or 1;
(2) a pair of adjacent vertices of degree 2;
(3) a (2, 3, x)-face, where x ≥ 3;
(4) two 3-faces [xu1v1] and [xu2v2], in which u1, u2 ∈ V2(G), x ∈ V4(G) and these five vertices are all distinct.
Lemma 3. Every outerplane graph G contains one of the following configurations:
(a) an isolated vertex;
(b) |V1(G)| ≥ 2;
(c) an edge uv such that u, v ∈ V2(G);
(d) a 3-face [sxy] such that s ∈ V2(G) and x ∈ V3(G);
(e) two 3-faces [xu1v1] and [xu2v2] such that u1, u2 ∈ V2(G) and x ∈ V4(G) and these five vertices are all distinct;
(f) an edge uv such that u ∈ V1(G) and v ∈ V2(G) or v ∈ V3(G);
(g) a 3-face [sxy] such that s ∈ V2(G) and x ∈ V4(G);
(h) two 3-faces [xu1v1] and [xu2v2] such that u1, u2 ∈ V2(G) and x ∈ V5(G) and these five vertices are all distinct.
Proof. Suppose G contains none of configurations (a)–(e), then by Lemma 2, |V1(G)| = 1. Furthermore, suppose G contains
no configurations (f), then there exists an edge uv in G such that u ∈ V1(G) and d(v) ≥ 4. Therefore, δ(G − u) ≥ 2 and
dG−u(v) ≥ 3. Since every subgraph of an outerplane graph is also an outerplane graph and δ(G− u) ≥ 2, by Lemma 2, G− u
contains one of configurations (2)–(4) in Lemma 2, i.e. G− u contains one of configurations (c)–(e). Since dG−u(v) ≥ 3 and
G contains no configurations (c), G contains configurations (g) or (h). 
Theorem 4. If G is an outerplane graph and k ≥ max{∆, 4}, then G is equitably k-choosable.
Proof. Wedo induction on the order n of G. If n ≤ k, thenwe color the vertices with different colors from their lists. Suppose
now that n > k and that the claim holds for outerplane graphs with fewer than n vertices. By Lemma 3, we assign k-distinct
vertices to S = {x1, x2, . . . , xk}which satisfy |NG(xi)− S| ≤ k− i for 1 ≤ i ≤ k as follows. 
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If G contains configuration (a), then take one isolated vertex, denoted by s. Since G is 2-degenerate, there is a vertex t
such that dG−s(t) ≤ 2. We define xk = s, xk−1 = t . If the vertex t has a neighbor, denoted by x1, then let S ′ = {xk, xk−1, x1}.
Otherwise, let S
′ = {xk, xk−1}. We have ensured that NG(s) ⊆ S ′ and |NG(t) − S ′| ≤ 1. If we have specified x1, then it has a
neighbor in S ′ and hence |NG(x1)− S ′| ≤ k− 1.
If G contains configuration (b), then take two distinct 1-vertices, denoted by s and t , respectively. We define xk = s,
xk−1 = t . If st /∈ E(G), then let x1 be the neighbor of s and S ′ = {xk, xk−1, x1}. Otherwise, let S ′ = {xk, xk−1}. We have ensured
that NG(s) ⊆ S ′ and |NG(t)− S ′| ≤ 1. If we have specified x1, then it has a neighbor in S ′ and hence |NG(x1)− S ′| ≤ k− 1.
If G contains configuration (c), then we define xk = u, xk−1 = v. Let x1 be the remaining neighbor of u and S ′ = {xk,
xk−1, x1}. We have ensured that NG(u) ⊆ S ′, |NG(v)− S ′| ≤ 1 and |NG(x1)− S ′| ≤ k− 1.
If G contains configuration (d), then we define xk = s, xk−1 = x, x1 = y. Let S ′ = {xk, xk−1, x1}. We have ensured that
NG(s) ⊆ S ′, |NG(x)− S ′| ≤ 1 and |NG(y)− S ′| ≤ k− 1.
If G contains configuration (e) or (h), then we define xk = u1, xk−1 = u2, x1 = v1, x2 = x. Let S ′ = {xk, xk−1, x2, x1}. We
have ensured that NG(u1) ⊆ S ′, |NG(u2)− S ′| ≤ 1, |NG(x)− S ′| ≤ k− 2 and |NG(v1)− S ′| ≤ k− 1.
If G contains configuration (f), then we define xk = u, xk−1 = v. Let x1 be one neighbor of v which is different from u and
S
′ = {xk, xk−1, x1}. We have ensured that NG(u) ⊆ S ′, |NG(v)− S ′| ≤ 1 and |NG(x1)− S ′| ≤ k− 1.
IfG contains configuration (g), we define xk = s, xk−1 = x, x2 = y. Let x1 be one neighbor of xwhich is different from s and
y and S
′ = {xk, xk−1, x2, x1}. We have ensured thatNG(s) ⊆ S ′, |NG(x)−S ′| ≤ 1, |NG(y)−S ′| ≤ k−2 and |NG(x1)−S ′| ≤ k−1.
In each case, we fill the remaining unspecified position in S from highest to lowest indices by choosing at each step a
vertex with degree at most 2 in the graph obtained from G by deleting the vertices thus far chosen from S. Such a vertex
always exists because G is 2-degenerate. Take S
′ = {xk, xk−1} as an example. Since G is 2-degenerate, G − S ′ has a vertex
xk−2 such that dG−S′(xk−2) ≤ 2. Let S ′′ = {xk, xk−1, xk−2}. Since G is 2-degenerate, G − S ′′ has a vertex xk−3 such that
dG−S′′(xk−3) ≤ 2. Similarly, we find the vertices xk−4, xk−5, . . . , x1. Let S = {x1, x2, . . . , xk}.
It is easy to verify that |NG(xi)−S| ≤ k− i for 1 ≤ i ≤ k. SinceG−S is also an outerplane graph and k ≥ ∆(G) ≥ ∆(G−S),
by the induction hypothesis, G− S is equitably k-choosable. Hence G is equitable k-choosable by Lemma 1.
Theorem 5. If G is an outerplane graph with maximum degree 3, then G is equitably 3-choosable.
Proof. We do induction on the order n of G. If n ≤ 6, then G is equitably 3-choosable (see Theorem 1 of [10]). Suppose
now that n > 6 and that the claim holds for outerplane graphs with fewer than n vertices. By Lemma 3, G has one of
configurations (a)–(d) and (f) . We construct S = {x1, x2, x3} as in the proof of Theorem 4. If ∆(G − S) ≤ 2, then G − S is
equitably 3-choosable (see Lemma 10 of [12]). Otherwise, G − S is an outerplane graph with maximum degree 3 and thus
by the induction hypothesis, G− S is equitably 3-choosable. Hence by Lemma 1, G is equitably 3-choosable. 
Corollary 6. Conjecture 2 holds for outerplane graphs.
Proof. We obtain this conclusion by Theorems 4 and 5. 
3. d-Degenerate graphs
Theorem 7. Let k ≥ 1 be an integer and H be a d-degenerate graph with |V (H)| ≡ 0(mod k). If H is equitably k-colorable, then
any d-degenerate graph G is also equitably k-colorable.
Proof. We do induction on the order n of G. By the assumption, we can assume that kt < n < k(t + 1). If k ≤ d, then
n = k(t+1)− j for some 0 < j < d. Let G∗ = G∪Kj. Nowwe consider the case that k ≥ d+1. Since G is d-degenerate, G has
a vertex v such that d(v) ≤ d. Since G−v is also d-degenerate, by the induction hypothesis, G−v has an equitable k-coloring
f . Let V1, V2, . . . , Vk be the color classes of f , where |Vi| = t or t + 1 for all i = 1, 2, . . . , k. Since d(v) ≤ d, without loss of
generality we can assume that N(v) ⊆ V1 ∪ V2 ∪ · · · ∪ Vd. If |Vi| = t for some i ≥ d+ 1, then we get an equitable k-coloring
of G by adding v to Vi. Hence we can assume that |Vi| = t + 1 for all i ≥ d+ 1 and we also have n = k(t + 1)− j for some
0 < j < d. Let G∗ = G ∪ Kj. In both cases, G∗ is a d-degenerate graph of order k(t + 1) and thus G∗ is equitably k-colorable
by the assumption. Hence an equitable k-coloring of G is induced from that of G∗ when the vertices of Kj are removed. 
Theorem 8. Let k ≥ d+ 1, d ≥ 2 and t ≥ 1 be integers. Let G be a d-degenerate graph of order kt. If |E(G)| ≤ (k− 1)t, then G
is equitably k-colorable.
Proof. If there is a counterexample, then let G be one with fewest edges among counterexamples. Clearly G is equitably
k-colorable if G has no edges. Since G is d-degenerate, G has an edge xy such that d(x) ≤ d. Since G− xy is also d-degenerate,
by the minimality of G, G − xy has an equitable k-coloring f . Let V1, V2, . . . , Vk be the color classes of f , where |Vi| = t
for all i = 1, 2, . . . , k. Clearly we need only to consider the case that x, y ∈ V1. Let V ′1 = V1 \ {x} and assume that
N(x) ⊆ V1 ∪ V2 ∪ · · · ∪ Vd. Suppose there exists a vertex z ∈ Vi for some i ≥ d + 1, such that e(z, V ′1) = 0, then we
get an equitable k-coloring of G by transferring z from Vi to V
′
1 and adding x to Vi \ {z}. Thus for each z ∈ Vd+1 ∪ · · · ∪ Vk,
e(z, V
′
1) ≥ 1. Hence e(
k
i=d+1 Vi, V
′
1) ≥ (k − d)t . If for each w ∈ Vi, i ∈ {2, 3, . . . , d}, e(w, V ′1) ≥ 1, then e(Vi, V ′1) ≥ t .
Otherwise there exists a vertexw ∈ Vi such that e(w, V ′1) = 0. Thenwe transferw from Vi to V ′1 and by the above argument,
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e(
k
j=d+1 Vj, Vi \ {w}) ≥ (k − d)t ≥ t . Consequently |E(G)| ≥ (k − d)t + (d − 1)t + 1 = (k − 1)t + 1, a contradiction to|E(G)| ≤ (k− 1)t . 
Corollary 9. Let k ≥ 3 and t ≥ 1 be integers. Let G be a 2-degenerate graph of order kt. If |E(G)| ≤ (k− 1)t, then G is equitably
k-colorable.
Proof. We can get it by letting d = 2 in Theorem 8. 
Theorem 10. Let G be a 2-degenerate graph. If |E(G)| ≤ 23 |V (G)|, then G is equitably 3-colorable.
Proof. Clearly we need only to consider that |V (G)| ≥ 3. By Corollary 9, G is equitably 3-colorable if |V (G)| = 3t , where
t ≥ 1 is an integer. Now we consider the case that |V (G)| = 3t + i, where t ≥ 1 is an integer and i = 1, 2.
First we consider the case that |V (G)| = 3t+1. Let G∗ = G∪K2, then G∗ is a 2-degenerate graphwith |V (G∗)| = 3(t+1)
and |E(G∗)| = |E(G)| + 1. Since |E(G)| ≤ 23 |V (G)|, |E(G∗)| = |E(G)| + 1 ≤ 23 |V (G)| + 1 = 23 (3t + 1)+ 1 < 2(t + 1). Hence
G∗ is equitably 3-colorable by Corollary 9 and then so is G.
Next we consider the case that |V (G)| = 3t+2. Let G∗ = G∪K1, then G∗ is a 2-degenerate graphwith |V (G∗)| = 3(t+1)
and |E(G∗)| = |E(G)|. Since |E(G)| ≤ 23 |V (G)|, |E(G∗)| = |E(G)| ≤ 23 |V (G)| ≤ 23 |V (G∗)| = 2(t + 1). Hence G∗ is equitably
3-colorable by Corollary 9 and then so is G. 
Theorem 11. Let G be a 2-degenerate graph. If |E(G)| ≤ 34 |V (G)|, then G is equitably 4-colorable.
Proof. Clearly we need only to consider that |V (G)| ≥ 4. By Corollary 9, G is equitably 4-colorable if |V (G)| = 4t , where
t ≥ 1 is an integer. Now we consider the case that |V (G)| = 4t + i, where t ≥ 1 is an integer and i = 1, 2, 3.
Let G∗ = G ∪ K4−i, then G∗ is a 2-degenerate graph with |V (G∗)| = 4(t + 1) and |E(G∗)| = |E(G)| + (4−i)(4−i−1)2 . Since
|E(G)| ≤ 34 |V (G)|, |E(G∗)| = |E(G)| + (4−i)(4−i−1)2 ≤ 34 |V (G)| + (4−i)(3−i)2 = 34 (4t + i) + (4−i)(3−i)2 . Thus |E(G∗)| ≤ 3(t + 1)
holds for all i = 1, 2, 3. Hence G∗ is equitably 4-colorable by Corollary 9 and then so is G. 
Theorem 12. Let G be a graph consisting of two components G1 and G2. If G1 and G2 are equitably k-colorable, then so is G.
Proof. Let (V 1, V 2, . . . , V k) and (V1,V2, . . . ,Vk) be equitably k-colorings ofG1 andG2, respectively, satisfying |V 1| ≤ |V 2| ≤
· · · ≤ |V k| and |V1| ≤ |V2| ≤ · · · ≤ |Vk|. Let Vi = V i ∪Vk−i+1, (i = 1, 2, . . . , k). It is easy to see that (V1, V2, . . . , Vk) is an
equitable k-coloring of G. 
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